In this paper, we investigate the vacuum bosonic currents in the geometry of a compactified cosmic string in the background of the de Sitter spacetime. The currents are induced by magnetic fluxes, one running along the cosmic string and another one enclosed by the compact dimension. In order to develop this analysis we calculate the complete set of normalized bosonic wave-functions obeying a quasiperiodicity condition. In this context, we show that the vacuum charge and the radial component of the current density vanish. It remains only azimuthal and axial currents. Due to the quasiperiodicity condition, the quantum number associated with the compactification of the string along its axis becomes discrete, and we use the Abel-Plana summation formula to evaluate the non-vanishing current densities. We show that these quantities are explicitly decomposed into two contributions: one corresponds to the geometry of a straight uncompactified cosmic string and the other is induced by the compactification. We also compare the results with the literature in the case of a massive fermionic field in the same geometry.
Introduction
De Sitter (dS) is a curved spacetime which has been most analyzed in the context of quantum field theory. The main reason is due to its degree of symmetry which allows that many physical problems to be exactly solvable. 1 In addition, the importance of these theoretical analyses increased by the appearance of the inflationary cosmological scenario for the Universe expansion in its early stages [2] . During an inflationary epoch, quantum fluctuations in the inflaton field introduced inhomogeneities and may affect the transition toward the true vacuum. These fluctuations play important role in the generation of cosmic structures from inflation.
Cosmic strings are linear gravitational topological defects which may have been created as a consequence of phase transitions in the early Universe and are predicted in the context of the standard gauge field theory of elementary particle physics [3] [4] [5] . Although the observations of anisotropies in the Cosmic Microwave Background Radiation (CMB) by COBE, WMAP and more recently by the Planck Satellite have ruled out cosmic strings as the primary source for primordial density perturbations [6] , this topological deffect can give rise to a number of interesting physical effects such as the doubling images of distant objects or even gravitational lensing, the emission of gravitational waves and the generation of high-energy cosmic rays (see, for instance, [7] [8] [9] ).
The geometry of the spacetime associated with an idealized cosmic string, i.e., infinitely long and straight, is locally flat but topologically conical. It presents a planar angle deficit given by ∆φ = 8πGµ 0 2 on the two-surface orthogonal to the string. This object was first introduced in the literature as being created by a Dirac-delta type distribution of energy and axial stress. It can also be described by classical field theory where the energy-momentum tensor associated with the Maxwell-Higgs system, investigated by Nielsen and Olesen in [10] , couples to the Einstein's equations. This coupled system was first investigated in [11] and [12] . In these papers, the authors have studied a planar angle deficit, ∆φ, arising on the two-surface perpendicular to a string, as well as a magnetic flux running through the string core.
It is well known that the vacuum in quantum field theory depends crucially on the presence of a background gauge field, and also on the topology and geometry of the spacetime where the theory is being defined. As a consequence, many physical observables may provide relevant informations about the structure of the physical system under investigation. In the present paper we consider the combined effects of the geometry and topology on the vacuum current densities induced by linear magnetic fluxes. As a background geometry we consider de Sitter (dS) spacetime and the topological effects are induced by two types of sources. The first one corresponds to a planar angle deficit due to the presence of a cosmic string and the second one comes from the compactification of the spatial dimension along the string. The compact spatial dimensions are an inherent feature of most high-energy theories of fundamental physics, including supergravity and superstring theories. An interesting application of field theoretical models that present compact dimensions can be found in nanophysics. The long-wavelength description of the electronic states in graphene can be formulated in terms of the Dirac-like theory in three-dimensional spacetime, with the Fermi velocity playing the role of the speed of light (see, e.g., [13] ). The corresponding effective (2 + 1)− dimensional field theory, in addition to Dirac fermions, involves scalar and gauge fields originated from the elastic properties and describing disorder phenomena, like the distortion of graphene lattice and structural defects [14, 15] .
Due to its lack of global flatness, the cosmic string spacetime modifies the vacuum fluctuations associated with quantum fields. In this sense it has been shown a non-vanishing results for the renormalized vacuum expectation value (VEV) of physical observables, like the energymomentum tensor, considering scalar and fermionic quantum fields in [16] [17] [18] [19] [20] and [21] [22] [23] [24] , respectively. Moreover, if we take into consideration the presence of a magnetic flux running along the string's core, additional contributions to the above VEVs associated with charged fields takes place. (See references in [25] [26] [27] [28] [29] [30] [31] .) In addition, the magnetic flux induces vacuum current densities, j µ . This phenomenon has been investigated for massless and massive scalar fields in [32] and [33] , respectively. In these papers, the authors have shown that induced vacuum current densities along the azimuthal direction arise if the ratio of the magnetic flux by the quantum one has a nonzero fractional part. The calculation of induced bosonic and fermionic currents in higher-dimensional cosmic string spacetime in the presence of a magnetic flux has been developed in [34, 35] . The induced fermionic current by a magnetic flux in (2 + 1)-dimensional conical spacetime and in the presence of a circular boundary has also been analyzed in [36] . In all the above mentioned calculations the cosmic string was considered as an ideal linear object, i.e., without inner structure. The analysis of the scalar and fermionic vacuum current densities induced by a magnetic flux in a cosmic string considering a non-vanishing core has been developed in [37] and [38] , respectively. Also, the calculation of the VEV of fermionic energy-momentum tensor appeared in [39] .
In general, the analysis of quantum effects associated with matter fields in a cosmic string spacetime, assume this defect in a flat background geometry. For a cosmic string in a curved background, quantum effects associated with a scalar field have been discussed in [40] for special values of the planar angle deficit. The vacuum polarization in Schwarzschild space-time pierced by an infinite straight cosmic string was investigated in [41, 42] . More recent publications investigated the vacuum polarization effects induced by a cosmic string in a dS spacetime for scalar [43] , and fermionic fields [44] . Similar analysis induced by a cosmic string in anti-de Sitter spacetime, have been developed in [45] and [46] for massive scalar and fermionic fields, respectively. The calculation of vacuum fermionic current induced by a magnetic flux and the VEV of the energy-momentum tensor in dS spacetime in the presence of a compactified cosmic string, has been developed in [47] and [48] . Therefore, in the current paper we continue the same line of analysis by calculating the induced scalar current in the corresponding geometry. We also compare the results with the ones for a massive fermionic field obtained in [47] in the same geometry.
This paper is organized as follows. In section 2 we describe the background geometry and construct the positive frequency Wightman function for a massive charged scalar quantum field in dS spacetime in the presence of a cosmic string presenting a magnetic flux along its axis. Moreover, we consider that the z-axis along the string is compactified to a circle and carries an extra magnetic flux. By using the Wightman function, in section 3, we evaluate the renormalized vacuum current density induced by the magnetic fluxes and the compactification. The only nonzero components of the current densities correspond to the azimuthal and axial ones. These quantities are investigated in sections 3.2 and 3.3. For the azimuthal current density, it is possible to decompose it into two parts: one of them corresponds to the expression in the absence of the compactification, and the other is the contribution due to the compactification itself. Due to the compactification, there appears a non-vanishing axial current. The most relevant conclusions of the paper are summarized in section 4. We have also dedicated an Appendix to provide some important expressions used for the development of our study for the induced current densities. Throughout the paper we use natural units G = = c = 1.
Wightman function
Let us consider a charged massive scalar field in a (3 + 1) de Sitter spacetime dimension with an ideal cosmic string. We assume that the direction along the string is compactified to a circle with the length L. The geometry associated with the corresponding background spacetime is given by the following line element ds 2 = dt 2 − e 2t/α (dr 2 + r 2 dφ + dz 2 ) .
(2.1)
The coordinates take values in the intervals −∞ < t < +∞, r ≥ 0, 0 ≤ φ ≤ φ 0 = 2π/q and 0 z L. The parameter q ≥ 1 encodes the deficit angle due to the conical structure of the cosmic string, knowing that the minimum value q = 1 shows its absence. The parameter α is related to the cosmological constant and Ricci scalar through the expression, R = 4Λ = 12/α 2 . For further analysis, in addition to the synchronous time coordinate t, it is more convenient to introduce the conformal time τ according to [43] 
leading to the following line element
In this paper we are interested in calculating the induced vacuum current density, j µ , associated with a charged scalar quantum field, ϕ(x), in the presence of magnetic flux running along the core of the string. The equation which governs the quantum dynamics of a charged bosonic field with mass m, interacting with an electromagnetic potential vector, A µ , in a curved background reads
where the differential operator above is defined as
5)
being D µ = ∂ µ + ieA µ and g = det(g µν ). In (2.4) we also considered the presence of a nonminimal coupling, ξ, between the scalar field and the geometry represented by the Ricci scalar R. Here, we are mainly interested in two specific values of the curvature coupling, ξ = 0 and ξ = D−1 4D with the spatial dimension D = 3, which correspond to the minimal and conformal coupling, respectively.
The compactification along the z-axis is achieved by imposing the quasiperiodicity condition on the matter field, ϕ(t, r, φ, z + L) = e 2πiβ ϕ(t, r, φ, z) ,
with a constant phase β, 0 β 1, where β = 0 and β = 1/2 correspond to the untwisted and twisted fields, respectively, along the z-direction. For the rotation around the z-axis we adopt the periodic boundary condition ϕ(t, r, φ + φ 0 , z) = ϕ(t, r, φ, z) .
(2.7)
In addition, we consider the existence of the following constant vector potential
with A φ = −qΦ φ /(2π) and A z = −Φ z /L, being Φ φ and Φ z the corresponding magnetic fluxes. In quantum field theory the condition (2.6) changes the spectrum of the vacuum fluctuations compared with the case of uncompactified dimension (L → ∞) and, as a consequence, the induced vacuum current densities are dependent on the compactification parameter L, in general. The positive energy solution of (2.4) obeying the boundary conditions (2.6) and (2.7) can be found in a similar way as it was calculated in [43] where the geometry of a straight cosmic string in dS spacetime, although without the magnetic flux and compactification, was considered. In the geometry we consider here, the complete set of solutions generalizes to
where J µ (x) and H (1) µ (x) are the Bessel and Hankel functions [49] , respectively, and
The parameters in the order of Hankel and Bessel functions are
with Φ 0 = 2π/e being the quantum flux. The quasiperiodicity condition (2.6) results in a discretization of the quantum number k z as shown below
As a result, the positive-energy solution (2.9) is characterized by the set of quantum numbers, σ = {p, n, l}. The normalization constant, C σ , can be obtained by the orthonormalization condition
knowing that the delta symbol on the right-hand side is understood as Dirac delta function for the continuous quantum number p and delta Kronecker for the discrete ones, n and l. From (2.14) one finds the following normalization constant
In order to find the induced bosonic current densities we need first to calculate the Wightman function which describes the properties of the vacuum state. The positive frequency Wightman function is given by W (x, x ) = 0|φ(x)φ * (x )|0 , where |0 stands for the vacuum state and ϕ(x) the field operator. For the evaluation of the Wightman function, we use the mode sum formula
where the above compact notation for σ is defined as
The set {ϕ σ (x), ϕ * σ (x )} represents a complete set of normalized mode functions satisfying the quasiperiodicity condition (2.6).
Substituting (2.9) and (2.15) into the sum (2.16), and after several intermediate steps we obtain
To obtain the above expression we have used the relation between the Hankel function, H
ν (z), and the modified Bessel function with imaginary argument, K µ (−iz) [49] . In order to simplify the summation over l, we have introduced an exponential function e −ieAz(z−z ) to replace the exponent factor β byβ, using relation (2.13), in the summation over the quantum number l.
With the objective to develop the summation over the quantum number l we apply the Abel-Plana summation formula [50] in the form below
For the case under investigation, we consider u ≡ L 2π k z as well as
At this point, we can express the Wightman function as the sum of two terms as shown below,
where the first contribution, W s (x, x ), represents the Wightman function in dS spacetime in the presence of an uncompactified cosmic string, and the second, W c (x, x ), is induced by the compactification. Let us call the former and the latter, the string and the compactified Wightman functions, respectively. Substituting (2.20) into (2.19) , and also substituting the result into (2.18) we get
the string Wightman function, originating from the first term on the right hand side of (2.19). The string Wightman function (2.23) can be expressed in terms of a more workable integral representation in a similar way as developed in the Appendix A of [43] . The final expression is,
As to the compactified Wightman function, it is given by the second term on the right hand side of (2.19) . In Appendix A we show that W c (x, x ) can be expressed in the following form
With the Wightman functions (2.24) and (2.26) in hands, we are in position to evaluate the induced current densities.
Bosonic current
The bosonic current density operator is given bŷ
Its vacuum expectation value (VEV) can be evaluated in terms of the positive frequency Wightman function as follows
Due to the decomposition (2.22), the current density can be written as,
the string and the compactification contributions. As we will see shortly, the non-vanishing components of the current density are periodic functions of the magnetic fluxes Φ φ and Φ z with the period equal to the quantum flux. This can be observed easily writing the parameter a in (2.11) in the form a = n 0 + a 0 with |a 0 | < 1 2 , where n 0 is an integer number. In this case the VEV of the current density depends on a 0 only.
Charge and radial current densities
Let us start the calculation with the µ = 0 component, the charge density. Due to the fact that
Let us first analyze the contribution coming from the W s (x, x ), considering ∆z = ∆φ = 0 and r = r in (2.24), however keeping τ = τ . As we will see below, under these circumstances W s (x, x ) is divergent when τ = τ . In order to obtain a finite expression we have to regularize it first by introducing a cutoff function e −λx in the integrand, with the cutoff parameter λ > 0. At the end of the calculation of the charge density we take the limit λ → 0. The regularized Wightman function reads,
where
In [34] , it has been shown that (3.6) can be written as,
where [q/2] represents the integer part of q/2, and the prime on the sign of the summation means that in the case q = 2p the term k = q/2 should be taken with the coefficient 1/2. Obviously, if q < 2 the summation term must be omitted. Moreover, the function f (q, a 0 , y) is given by
(3.9)
The final result can be provided by evaluating the integrals using the formula below [51] ,
where F (a, b; c; z) represents the hypergeometric function; however two requirements |Re(ν)| < 3/2 and Re(α + β) > 0 must be satisfied. Substituting the above results into (3.9), we get a long regularized Wightman function. As we can see, the first contribution does not depend on the radial coordinate, r. Moreover, the cutoff function has been introduced to provide λ−(τ −τ ) 2 > 0. For points with r = 0 the factors e −4r 2 x sin 2 (kπ/q) and e −4r 2 x cosh 2 (y/2) in the second and the third terms reinforce the convergence of both integrals in accordance with Re(α + β) > 0. So, taking into account the above comments we can promptly take the time derivative of the regularized Wightman function followed by the coincidence limit resulting in lim τ →τ
As to the compactified part of the Wightman function, W c (x , x), we have
considering ∆z = ∆φ = 0 and r = r limit. Due to the presence of the exponential factor, the cutoff function is not required in this part. In this case we can explicitly verify that lim τ →τ
So we conclude that there is no induced charge density in this model, i.e.,
Adopting a similar procedure as exhibited above, we can also prove that there is no induced radial current density, i.e. j r (x) = 0 .
(3. 15) It was shown that the same two components are zero in the case of a fermionic field in the same geometry [47] .
Azimuthal current
The VEV of the azimuthal current density is given by
The above expression can be decomposed in the following form
where the first term corresponds to the contribution of an uncompactified cosmic string in dS spacetime, while the second one is the contribution induced by the compactification. Let us start with the first contribution. Substituting (2.24) into (3.16) as well as taking the derivative and coincidence limit, one finds
The summation above has been developed in [34] . The result is The integral over z can be evaluated with the help of the formula [43] ∞
with F (a, b, c; x) being the hypergeometric function. After the evaluation of the integral over z the final expression for the azimuthal current induced by the cosmic string in dS background is given by
which is an odd function of the magnetic flux a 0 and depends on the ratio r/τ . This ratio is the proper distance from the string in units of the dS curvature ratio α. In addition, we have used the definition
with l = 0. The above definition will also be useful in the rest of the calculations. Notice that the parameter ν, defined in (2.11), is related to the mass of the scalar field and can be a real or an imaginary quantity. Now, let us analyze some asymptotic cases of the azimuthal current density. To study r/τ 1 limit, regions near the string, we consider the Eq. which presents a divergence on the string with the inverse fourth power of the proper distance matching exactly with the result for the fermionic field studied in [47] . On the other hand, considering large distances from the string, r/τ 1, the main contribution to the integral over z in (3.22) comes from small values of the argument of the Macdonald function. By considering the corresponding expansion of the Macdonald function for small arguments and ν as imaginary, we find From the above expression we note an oscillatory behavior at large distances from the string when ν is imaginary. As can be seen, for large distances the string contribution of the azimuthal current density tends to zero with the fifth power of τ /r. If ν is real, we have the same equation, 3.28, with the coefficient 1/2. However, knowing that for the case of a minimal coulpling (ξ = 0), 0 ≤ mα ≤ 3/2 for real ν, depending on the mass of the bosonic field, the decay behavior for large distances can be really different. As ν becomes closer to the maximum value (as mass decreases to zero), the decay in j φ (x) s becomes slower. It tends to zero with the second power of τ /r for the massless field. In contrast, j φ (x) s for the fermionic field in the same geometry decays with the fourth power of τ /r independent of the mass, and while decaying oscillates as it was shown in [47] . However, in the massless limit the oscillating behavior disappears. Now, in the case of a conformal coulpling, ξ = 1/6 resulting in 0 ≤ mα ≤ 1/2 for real ν, the azimuthal current density goes to zero with the fourth power of τ /r in the massless limit, similar to the fermionic case. In Fig. 1 we plot the string part of the azimuthal current density (in the absence of the compactification) as a function of r/τ considering different values of q and a minimal coupling (ξ = 0). In the left plot, the parameter ν is real and in the right one is imaginary. In the latter case we show the oscillatory behavior of the azimuthal current density at large distances from the string. In Fig. 2 the behavior of the string part of the azimuthal current density as a function of mα (left plot) and a 0 (right plot) is shown for a minimal coulping. We can see that it decreases as mass increases and goes to zero for large mass. Moreover, we notice that it is a periodic function of a 0 . Now, for the evaluation of the azimuthal current density induced by the compactification, we need to start again with the Eq. (2.26). Substituting this equation into (3.16), after taking the derivatives and the coincidence limit, one obtains
We can use the following representation (see also [52] ) which allows us to evaluate the integrals over p and γ [51] . The expression obtained is given by
where x = 1/(4s 2 ). In the above equation, it is not difficult to see that in the limit L → ∞ the contribution of the current originated from the compactification vanishes which is the expected result. By using the representation (3.20) and after the integration over x, one finds where we have used the definition (3.26). The above expression is an even function of the magnetic flux enclosed by the compactification and an odd function of the magnetic flux running along the string. Some asymptotic cases can be studied for the current density induced by the compactification. Considering small distances from the string, we can use the following expression for the hypergeometric function [49] 
For the case where the parameter ν is imaginary, in the leading term we have
If ν is real, the leading contribution comes from the second term on the right-hand side of (3.33) where the result is 1/2 of the imaginary ν case. In this limit, the VEV of the azimuthal current density induced by the compactification diverges on the string if |a 0 | ≤ 1/q and is finite on the string if |a 0 | > 1/q, unlike the fermionic case where the threshold value is |a 0 | = (1 − 1/q)/2 [47] . Now, in the limit where L/τ 1 and r/τ fixed, again we can use (3.33) and for ν being imaginary one finds
where we use the notation
Clearly, the compactification contribution of the azimuthal current density tends to zero when L → ∞. In Fig. 3 , taking into consideration a minimal couping, we plot the VEV of the azimuthal current density induced by the compactification. In the left plot we have the induced current as a function of r/τ for three different values of q. Note that the the left plot shows both cases where the azimuthal current density diverges or not on the string depending on the value of q. Moreover, when r/τ → ∞ it goes to zero. In the right plot of Fig. 3 the azimuthal current density induced by the compactification is shown as a function ofβ for the same values of the parameter q. It exhibits the periodic behavior inβ, as expected. We note that taking into account the Eqs. The term l = 0 has to be taken with the coefficient 1/2 and give us the azimuthal current density induced by the uncompactified string and the curvature of the dS spacetime. In the absence of the string, q = 1, the above equation simplifies to
For a massless scalar field and considering the conformal coupling (ξ = 1/6), we have ν = 1/2. For this case, by using the properties of the hypergeometric function [49] , the total azimuthal current reads
This result matches exactly to the one for the flat space in the presence of a compactified cosmic string [34] times the conformal factor (τ /α) 4 which is the expected result.
Axial current
Now, we focus on the axial current density, which its VEV is given by
Replacing the Wightman function (2.24) in the above equation, after taking the derivatives and the coincidence limit we note that this contribution vanishes. Therefore, we have
The contribution of the axial current density induced by the compactification after several intermediate steps, similar to the ones done in the last sections, is given in the following form
The integral representation
allows us to perform the integration over p and γ in the expression (3.42) where the result is given by
×I(q, a 0 , 2r 2 x), (3.44) with x ≡ 1/(4s 2 ). Taking into account (3.7) and after the integration over x, the final expression for the axial current density is given by
For the case of a massless scalar field and considering a conformal coupling ν = 1/2. By similar considerations done for the azimuthal current, we find
cos(2kπa 0 )
(3.46)
The above axial current density, in the massless limit, matches to the result for the Minkowski spacetime times the conformal factor (τ /α) 4 (the sign of the axial current obtained in [34] should be corrected to the opposite one).
Considering the term k = 0 of the Eq. (3.45) we have
This expression is the VEV of the axial current density with no dependence on q and a 0 . It is a purely topological term being dependent only on the compactification of the z−axis and obviously goes to zero in the limit L → ∞. The remaining in (3.45) , magnetic flux and planar angle deficit contribution, in the axial current density is given by
This expression is finite on the string. Besides that, it is an odd function of the magnetic flux enclosed by the compactification along the string axis and an even function of the magnetic flux along the string's core. Some particular cases of the above expression can be considered. In the absence of the string, q = 1, the equation (3.48) reduces to We can note that in the case of L/τ 1 by using (3.33) , the axial current goes to zero, as expected, with the fourth power of τ /L. The behavior of the axial current density is shown in Fiq. 4 as a function of r/τ (left plot) and as a function of the magnetic flux enclosed by the compactification along the string axis (right plot) considering a minimal coulpling. Comparing the left plot with the result in the fermionic field case studied in [47] , it is easy to see that they have opposite signs. This is not characteristic of the dS spacetime due to the fact that this also happens in the Minkowski spacetime studied in [34] and [53] . The right plot in Fiq. 4 shows the expected periodic behavior of j z (x) c inβ. In both references the sign of the final axial currents should be corrected to the opposit one. 
Conclusion
In this paper we have studied the VEVs of the induced bosonic currents in dS spacetime considering the presence of a compactified cosmic string. These currents are induced by the presence of magnetic fluxes, one along the string's core and another one enclosed by the compactified dimension. In order to perform our analysis, we constructed the positive frequency Wightman function associated with a massive scalar field considering that the field obeys the quasiperiodicity condition (2.6), with a constant arbitrary phase β, and that the dimension along the z-direction is compactified to a circle with lenght L. The quasiperiodicity condition imposes that the quantum number related with the compactified string becomes discrete, and in order to consider the summation over this quantum number, we have employed the Abel-Plana summation formula (2.19) . By using this formula, the Wightman function and consequently the induced currents, are decomposed into two contributions: one induced by a cosmic string in dS spacetime with no compactification, Eq. (2.24), and another one induced by the compactification, Eq. (2.26). Taking into account these functions, we have shown that the renormalized charge and radial current densities vanish. The only non-zero contributions are the azimuthal and axial current densities, the same as the case of the fermionic field in the same geometry. The string part of the azimuthal current density was obtained by substituting the Wightman function (2.24) into (3.2). Its final expression is given by (3.25) and is an odd function of the magnetic flux along the string's core. In addition, the azimuthal current depends on the ratio r/τ , which is the proper distance from the string measured in units of the dS curvature scale α. Some particular asymptotic cases of (3.25) are considered. For regions near the string, r/τ 1, the azimuthal current density diverges on the string with a fourth power of the proper distance, as can be seen in (3.27) . This behavior matches exactly with the result obtained for the fermionic case. On the other hand, considering r/τ 1 the leading term of the azimuthal current induced by an uncompactified string, considering ν imaginary, is given by (3.28) . From this expression we note that for large distances from the string, the azimuthal current density besides decaying with the fifth power in τ /r, has an oscillatory behavior if the parameter ν is imaginary. The parameter ν is related to the mass of the scalar field. If ν is real, we have the same equation, but with the coefficient 1/2. However, depending on the mass of the bosonic field, the decay behavior for large distances can be very different. Considering a minimal coulpling, ξ = 0, as mass tends to zero the string contribution of the azimuthal current density goes to zero with the second power of τ /r. This is in contrast with the result for the fermionic field in the same geometry. In the fermionic field case the current decays with the fourth power of τ /r independent of the mass, and while decaying oscillates. However, in the massless limit the oscillation disappears. In the case of a conformal coupling and a massless scalar field, the azimuthal current density goes to zero with the fourth power of τ /r, the same as for the fermionic field. These results for the bosonic field are shown in Fig. 1 where we have shown the string contribution of the azimuthal current density as a function of r/τ considering just the case of a minimal coupling. In Fig. (2) we have plotted the same quantity, but as functions of mα and a 0 . We have shown that the current density decreases as mass increases and goes to zero for large mass. Besides that, one could notice that it is a periodic function of a 0 .
For the azimuthal current density induced by the compactification, we have used the Wightman function (2.26) and obtained the Eq. (3.32). This expression is an odd function of the magnetic flux along the string and an even function of the magnetic flux enclosed by the string axis. For regions close to the string, r/τ 1, and considering that the parameter ν is imaginary, the leading term of the azimuthal current induced by the compactification is given by the (3.34). This expression presents a divergence on the string if |a 0 | ≤ 1/q and is finite on the string if |a 0 | > 1/q, in contrast with the fermionic case where the threshold value is |a 0 | = (1 − 1/q)/2. We have also considered the case of L/τ 1, for r/τ fixed, where the leading contribution is given by (3.35) . As one expects, in this regime, the azimuthal current density goes to zero with the fifth power of τ /L. The behavior of the azimuthal current density induced by the compactification as functions of r/τ and the magnetic flux enclosed by the string axis has been shown in the Fig. 3 for a minimal coupling (ξ = 0). The expression for the total azimuthal current density is presented in (3.37) and considering this expression, we studied particular cases, in the absence of the cosmic string as well as for a massless scalar field considering a conformal coupling(ξ = 1/6), resulting in the Eqs. (3.38) and (3.39) , respectively. This result in the latter case matches the Minkowski one with the same geometry, found in [34] , times the fourth power of the conformal factor τ /α. Our next step was to consider the axial current density. We have shown that the only nonzero contribution for the axial current is due to the compactification. The total axial current density is given by (3.45) . In the limit of a massles scalar field and a conformal coupling ξ = 1/6 the axial current density is given by (3.46) . As in the case of azimuthal current density, the result matches with the one found for the axial current density in the same geometry in the flat spacetime times the fourth power of the conformal factor τ /α, found in [53] . In addition, the axial currrent denstiy was decomposed into two contributions. The first one is given by (3.47) which is a purely topological contribution being dependent only on the compactification along the string axis. The other contribution for the azimuthal current density, given by (3.48) , is induced by the planar angle deficit, the magnetic flux and also the compactification. This contribution is an odd function of the magnetic flux enclosed by the compactified string and an even function of the magnetic flux running along the string's core. Besides that, this contribution is finite on the string. We have also considered some particular cases in the axial current density expression. Expression for the axial current in the absence of the cosmic string as well as the magnetic flux along the string are given in Eqs. (3.49) and (3.50), respectively. In Fig. 4 we have plotted the axial current induced by the compactification as functions of r/τ andβ considering a minimal coupling (ξ = 0), for several values the parameter q (left plot) and several values of the magnetic flux along the string's core (right plot). We have shown that the induced axial current densities considering bosonic and fermionic fields have opposite signs which is a shared characteristic with the Minkowski spacetime. Moreover, in the limit where L/τ 1, both the azimuthal and axial current densities induced by the compactification go to zero, as one expects.
for m integer, using the well-known relation involving the modified Bessel functions, K ν (z) = where we have also used the expansion (e u − 1) −1 = ∞ l=1 e −lu .
